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g : Abstract 

Supported by recent lattice results, we consider a scenario in which a t/(l)-breaking 
condensate survives across the chiral transition in QCD. This scenario has important 
^ ' consequences on the pseudoscalar-meson sector, which can be studied using an effective 

Lagrangian model. In particular, generalizing the results obtained in a previous paper 
^ I (where the zero-temperature case was considered), we study the effects of this U{1) chiral 

pi \ condensate on the radiative decay rj' 77 at finite temperature. 
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1. Introduction 

There are evidences from some lattice results PIEIIS] that a new f/(l)-breaking condensate 
survives across the chiral transition at Tch, staying different from zero up to a temperature 
T[/(i) > Tch- ^c/(i) is, therefore, the temperature at which the f/(l) axial symmetry is (ef- 
fectively) restored, meaning that, for T > Tc/(i), there are no [/(l)-breaking condensates. 
This scenario has important consequences on the pseudoscalar-meson sector, which can 
be studied using an effective Lagrangian model IHEHEIIZ!, including also the new f/(l) 
chiral condensate. This one has the form Cu{i) = {Ou{i)), where, for a theory with L light 
quark flavours, ^[/(i) is a 2L-fermion local operator that has the chiral transformation 
properties of |H]:* 

Ou(i) ~ det{qsRqtL) + det{qsLqw), (1-1) 

st st 

where s,t = 1, . . . , L are flavour indices; the colour indices [not explicitly indicated in Eq. 
(jl.ll) ] are arranged in such a way that: i) Ci7(i) is a colour singlet, and ii) C[7(i) = {Ou{i)) 
is a genuine 2L-fermion condensate, i.e., it has no disconnected part proportional to some 
power of the quark-antiquark chiral condensate {qq) (see Refs. [HI El El)- 

The low-energy dynamics of the pseudoscalar mesons, including the effects due to the 
anomaly, the qq chiral condensate and the new U{1) chiral condensate, can be described, 
in the limit of large number Nc of colours, and expanding to the first order in the light 
quark masses, by an effective Lagrangian written in terms of the topological charge density 
Q, the mesonic field Uij ~ (jjRqiL (up to a multiplicative constant) and the new field 
variable X ~ det {qsRqtL) (up to a multiplicative constant), associated with the new U{1) 
condensate HIHIEIIZ!: 

£([/,f/t,x,xt,Q) = h:i{d^ud^u^) + U^xd^x^ 

-V{U, U\ X, X^) + ^c<;igTr(ln U -\n U^) 
+ - u,)Q{\nX - InXt) + (1.2) 
where the potential term V{U, f/^,X, X^) has the form: 

V{U, f/t, X, Xt) = ^Tr[(t/tt/ - pj)2] + ^(XtX - px)' 

* Throughout this paper we use the foUowing notations for the left-handed and right-handed quark 
fields: qL,R = ^(1 ± 75)9, with 75 = ~ij"j^j^-f^. 
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-^MMU + M^U^) - ^[det(f/)Xt + det(f/t)X]. (1.3) 

M = diag(mi, . . . ,1111) is the quark mass matrix and A is the topological susceptibility 
in the pure-YM theory. (This Lagrangian generalizes the one originally proposed in Refs. 
|lUj . which included only the effects due to the anomaly and the qq chiral condensate.) 
All the parameters appearing in the Lagrangian must be considered as functions of the 
physical temperature T. In particular, the parameters p^r and px determine the expec- 
tation values (U) and {X) and so they are responsible for the behaviour of the theory 
respectively across the SU{L) eg) SU{L) and the U{1) chiral phase transitions, as follows: 

1 2 

Pn\T<T,^ = > 0, p^\T>n^ < 0; 

Px|t<t^(i) = > 0, px|T>Ty(i) < 0. (1.4) 

The parameter is the well-known pion decay constant, while the parameter Fx is 
related to the new U{1) axial condensate. Indeed, from Eq. p.4|) . px = \Fjr > 
for T < Tu(i), and therefore, from Eq. p.3|l . {X) = Fx/V^ 7^ 0. Remembering that 
X ~ det {qsRqtL), up to a multiplicative constant, we find that Fx is proportional to the 
new 2L-fermion condensate C{/(i) = introduced above. 

In the same way, the pion decay constant Ft^, which controls the breaking of the SU{L) ® 
SU{L) symmetry, is related to the qq chiral condensate by a simple and well-known 
proportionality relation (see Refs. [H Ej and references therein): {qiqi)T<T^h — ~|-Sm-^7r- 
(Moreover, in the simple case of L light quarks with the same mass m, mffg = mBm/FT^ 
is the squared mass of the non-singlet pseudoscalar mesons and one gets the well-known 
Gell-Mann-Oakes-Renner relation: m\gF'^ ~ —2m{qiqi) t<t^,^-) 

It is not possible to find, in a simple way, the analogous relation between Fx and the new 
condensate Cu(^i) = {Ou^i)). 

However, as we have shown in a previous paper ^T], information on the quantity Fx 
(i.e., on the new U{1) chiral condensate, to which it is related) can be derived, in the 
realistic case of L = 3 light quarks with non-zero masses m^, irid and m^, from the study 
of the radiative decays of the pseudoscalar mesons t] and rj' in two photons. In Ref. ^1] 
only the zero-temperature case (T = 0) has been considered and a first comparison of 
our results with the experimental data has been performed: the results are encouraging, 
pointing towards a certain evidence of a non-zero U{1) axial condensate. 

In this paper, generalizing the results obtained in Ref. [11], we study the effects of the 
U{1) chiral condensate on the radiative decay rj' 77 at finite temperature (T 7^ 0), so 
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opening the possibility of a comparison with future heavy-ion experiments. In Section 2 
we first re-discuss the radiative decays of the pseudoscalar mesons at T = 0, considering 
a more general electromagnetic anomaly interaction term, obtained by adding a new 
electromagnetic interaction term to the original electromagnetic anomaly term adopted 
in Ref. ^Tj [see Eqs. ()2.8|) - ()2.10|) below]. As we shall see, the inclusion of this new 
electromagnetic interaction term does not modify, for T = (or, more generally, for 
T < Tch) the decay amplitudes for the processes 7r° 77, rj ^ •yy and 77' — >• 77: therefore, 
all the results (both analytical and numerical) obtained in Ref. JT], concerning these 
processes, remains unaffected. However, the new electromagnetic interaction term will 
prove to be crucial in the discussion of the 77' —>■ 77 radiative decay at finite temperature 
(in particular for T > Tch), which will be studied in detail in Section 3. 



2. Radiative decays of the pseudoscalar mesons at T = 

In order to study the radiative decays of the pseudoscalar mesons in two photons, we have 
to introduce the electromagnetic interaction in our effective model ()1.2|) . Under local U{1) 
electromagnetic transformations: 

q^q' = e^OeQ^, ^ A'^ = A, - 8,6, (2.1) 

the fields U and X transform as follows: 

U ^U' = e^^'^Ue-"^'^, X ^X' = X. (2.2) 

Therefore, we have to replace the derivative of the fields d,U and df^X with the corre- 
sponding covariant derivatives: 

D,U = d,U + teA,[Q,U], D^X = d^X. (2.3) 

Here Q is the quark charge matrix (in units of e, the absolute value of the electron charge): 

Q= I ' -1 \. (2.4) 



In addition, we have to reproduce the effects of the electromagnetic anomaly, whose 
contribution to the four-divergence of the U{1) axial current J^^^ = 57^75? and of the 
SU (3) axial currents A'^ = ^7^75-^^ (the matrices r^, with a = 1, . . . , 8, are the generators 
of the algebra of SU (3) in the fundamental representation, with normalization: Tr (raTb) = 
6ab) is given by: 



(d'-J.^.TaZmaiy = 2Tr(Q^)G, {d^ A^^y^maiy = 2Tr (^Q^-| J G, (2.5) 

where G = ^^£^'^''"'F^„Fp^ {F^y being the electromagnetic field-strength tensor), thus 
breaking the corresponding chiral symmetries. We observe that Tr(Q^ra) 7^ only for 
a = 3 or a = 8. 

We must look for an interaction term Cj (constructed with the chiral Lagrangian fields 
and the electromagnetic operator G) which, under a U{1) axial transformation q ^ q' = 
g-«a76g^ transforms as: 

U{1)a. £/ ^ £/ + 2aTr(Q2)G, (2.6) 

while, under SU{?>) axial transformations of the type q ^ q' = e~'^^'^^'^°-/^q (with a = 3, 8), 
transforms as: 

SU{?,)a: Ci^ Ci + 2f5Tr{qr'^G. (2.7) 

By virtue of the transformation properties of the fields U and X under a U (3)®t/(3) chiral 
transformation {qi Viqi-, qn VnqR =^ U ^ VlUV^ and X det(VL) det(\/R)*X, 
where Vl and Vr are arbitrary 3x3 unitary matrices IHE]), one can see that the most 
simple term describing the electromagnetic anomaly interaction term is the following one: 

Ci = ^GTT[Q\lnU -InU^)], (2.8) 

which is exactly the one originally proposed in Ref. J2] and also adopted in Ref. [TT]. 
However, the presence of the new meson field X allows us to construct also another 
electromagnetic interaction term, still proportional to the pseudoscalar operator G, but 
totally invariant under U{3) (S) U (3) chiral transformations: 

A£/ = /A^GTr(Q2) ^j^^^ ^t) _ ^et U)] , (2.9) 
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where /a is an (up-to-now) arbitrary real parameter (the coefficient 1/6 has been intro- 
duced for convenience: see Section 3). We can thus add the two expressions fl2.8p and 
()2.9|) to form a new (more general) electromagnetic anomaly interaction term £/, which, 
of course, satisfies both the transformation properties ()2.f)|l and ()2.7j) . exactly as £/: 



Ci = Ci + ACi = -GTr[Q2(lnf/-lnf/t)] 



+/A^G'Tr(Q2) [in(xdet U^) - \n{X^ det U)] 



(2.10) 



Therefore, we shall consider the following effective chiral Lagrangian, which includes the 
new electromagnetic interaction terms described above: 

C{U,U\X,X\Q,An = ^Tt{D^UD>'U^) + ^d^Xd^X^ 

-V{U, U\ X, X^) + ^c<;igTr(ln U -\n U^) 
+ ^(l-^i)Q(lnX-lnXt) + ^Q2 



(2.11) 



where the potential term V{U, U\X,X'^) is the one written in Eq. ()1.3|) . 
The decay amplitude of the generic process ^^meson — > 77" is entirely due to the electro- 
magnetic anomaly interaction term Cj, which can be written more explicitly in terms of 



the meson fields iTr, 



1, . . . , 8), St, and Sx, defined as follows jH EI: 



U 



X 





iV2 


— exp 
V2 




Fx 


f ^\/2 




i Fx 



s 



X 



(2.12) 



The Ha are the self-hermitian fields describing the octet pseudoscalar mesons; S"^ is the 
usual "quark-antiquark" S't/(3)-singlet meson field associated with U, while Sx is the 
"exotic" 6-fermion meson field associated with X [HIHIIZI. 
Inserting the expressions ()2.12|1 into Eq. ()2.10j) . one finds that: 



-G- 



3F^ 



71" 



— fATT^i^FxSj, — Ft,Sx] 



'3F: 



X 



(2.13) 
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The fields tts, vrg, 5^, mix together, while the remaining Ha are already diagonal jB]. 
However, neglecting the experimentally small mass difference between the quarks up and 
down (i.e., neglecting the experimentally small violations of the SU{2) isotopic spin), 
also TTs becomes diagonal and can be identified with the physical state tt^. The fields 
(vTs, Stt, Sx) can be written in terms of the eigenstates (77, t]', rjx) as follows: 



7^ 










v' 


\SxJ 







(2.14) 



where C is the following 3x3 orthogonal matrix |llj : 

/ cos (f — sin 



«! a2 «3 

Pi P2 Ps 
7i 72 73 



Here F^/ is defined as follows [TTj : 



\ 



(2.15) 



Fl + 3F2 



(2.16) 



and can be identified with the r]' decay constant in the chiral limit of zero quark masses. 
Moreover, is a mixing angle, which can be related to the masses of the quarks m„, m^, 



and therefore to the masses of the octet mesons, by the following relation |llj : 



, ~ IT-'- rj' / 2 

tan 09 = — ^=^(771^ 
6V2A 



(2.17) 



where: ml 



2Bm and 



with: B = ^ and m 



2 



^B{m + 2msj, ^ - 

Concerning the masses of the two singlet states, we remind that [U EI the field rj' has 
a "light" mass, in the sense of the Nc 00 limit, being, in the chiral limit of zero quark 
masses:* 

2 



6A 



6A 



p/2 

V 



F^ + 3Fl 



X 



0(—). 



(2.18) 



*The expression for the 77' mass, when including the hght-quark masses, reads as foUows 0: 



n'2 



2mj^ = |4, with: m|- = B{rh + rUs). 
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(If we put Fx = 0, Eq. (j2.18|) . or the corresponding expression including the hght-quark 
masses |6j reported in the footnote, reduces to the well-known Witten-Veneziano relation 
for the rj' mass [^.) On the contrary, the field rjx has a sort of "heavy hadronic" mass 
of order 0{N^) in the large-A^^c limit. Both the rj' and the rix have the same quantum 
numbers (spin, parity and so on), but they have a different quark content: one is mostly 
Sjr ~ i{qLqR - qRqh), while the other is mostly Sx ~ i[^et{qsLqtR) - ^^^{qsnqtb)], as one 
can see from Eqs. pUjl - pTBll . 

The interaction Lagrangian (j2.13j) . written in terms of the physical fields 7r°, r], rj' and 
r/jf, reads as follows: 

= -G^^TT^ + airz + aar/' + as^x), (2.19) 
where Oj = -^(oj + 2\/2l3i) (for i = 1, 2, 3), so that: 



ai 



02 



as 



y|(cos^ + 2y2sin^^), (2.20) 
y|(^2V2cos^^ -sin(^), (2.21) 



2V2(^), (2.22) 



and, moreover: 



as = as + Aas, with : Aos = -/a ^ f • (^-23) 

6tx 



The values of the coefficients ai, 02 and 03 are exactly the same which were calculated 
in Ref. ^T]: therefore, the inclusion of the new electromagnetic interaction term (|2.9p in 
the expression for the electromagnetic anomaly interaction term ()2.10p only modifies (for 
T = or, more generally, for T < Tch- see the discussion in the next section) the decay 
amplitude for the process r]x — ^ 77, while leaving unchanged the other decay amplitudes 
for the processes 7r° 77, ri ^ and r/' — > 77. Indeed, from Eqs. ()2.14|) and ()2.15|) we 
derive that: 



r]x = ^{VSFxS^ - F^Sx), (2.24) 

V 

and thus we immediately see that the term proportional to /a in Eq. ()2.13j) is simply 
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equal to 



The expressions for the decay amphtudes are: 





77) 




77) 




77) 


A{vx - 


77) 



' c 



^y|(cos^ + 2y2sm^^)/, (2.27) 
^y|(2V2cos^^-sm^)/, (2.28) 

^^2v^f - /a^V, (2-29) 

where / = e^ypc,k'^e'{*k2e2* (fci, /c2 being the four-momenta of the two final photons and ei, 
€2 their polarizations). Consequently, the following decay rates (in the real case Nc = 3) 
are derived: 



r(7r0- 


77) 


r(r^- 


77) 




77) 




77) 



(2.30) 



2 s 
a m'l 

647r3F2' 

^(cos^ + 2v/2sm^^)^ (2.31) 
^^(2v/2cos^--sin^), (2.32) 



8n^F^\F,^~^^3F)^) ' ^^"^^^ 
where a = e^/An ~ 1/137 is the fine-structure constant. 

The results fl2.30p - ()2.32j) are exactly the same which were found in Ref. pT]. (If we 
put Fx = 0, i.e., if we neglect the new U{1) chiral condensate, the expressions written 
above reduce to the corresponding ones derived in Ref. [T2| using an effective Lagrangian 
which includes only the usual qq chiral condensate.) Therefore, also the numerical results 
obtained in Ref. concerning the processes rj —>■ '-fy and rj' 77, remains unaffected. 
In particular, using the experimental values for the various quantities which appear in 
Eqs. fjOTIl and ^TT^ . i.e., 

F^ = 92.4(4) MeV, 
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= 547.30(12) MeV, 
m^/ = 957.78(14) MeV, 
T{ri^ 77) = 0.46(4) KeV, 

Y(n' 77) = 4.26(19) KeV, (2.34) 
we can extract the following values for the quantity Fx and for the mixing angle cp [TT] : 

Fx = 27(9) MeV, ^ = 16(3)°, (2.35) 

and these values are perfectly consistent with the relation ()2.17|) for the mixing angle, 
if we use for the pure-YM topological susceptibihty the estimate A = (180 ± 5 MeV)"^, 
obtained from lattice simulations [Tij . 

Nevertheless, the new electromagnetic interaction term will play a crucial role in the 
discussion of the rj' 77 radiative decay at finite temperature, in particular for T > Tch- 
this will be studied in detail in the next section. 



3. Radiative decays of the pseudoscalar mesons at T 7^ 

We want now to address the finite-temperature case (T 7^ 0). As already said in the 
Introduction, this will be done (using a sort of mean-field approximation) simply by 
considering all the parameters appearing in the Lagrangian as functions of the physical 
temperature T. In such a way, the results obtained in the previous section can be extended 
to the whole region of temperatures below the chiral transition (T < Tch), provided that 
the T-dependence is included in all the parameters appearing in Eqs. ()2.30p - ()2.33|) . 

What happens when approaching the chiral transition temperature Tch from below 
(T Tch—)"^ We know that Ft^{T) when T — Tch—- Let us consider, for simplicity, 
the chiral limit of zero quark masses. From Eq. ()2.18|) we see that m^, '^^^'^^^ when 
T — i> Tch— and, from Eqs. ()2.14|1 - ()2.15|1 . we derive: 

V' = ^{F.S^ + V3FxSx), (3.1) 
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so that Tj' — > Sx when T — > Tch~- In this same hmit, the rj' decay rate (j2.32j) tends to 
the value: 

r(,^,,)^_,___5_^. (3.2) 

What happens, instead, in the region of temperatures Tch < T < T^(i), above the chiral 
phase transition (where the SU{3) Cg) SU{3) chiral symmetry is restored, while the U{1) 
chiral condensate is still present)? First of all, we observe that we have continuity in the 
mass spectrum of the theory through the chiral phase transition at T = Tch- In fact, if 
we study the mass spectrum of the theory in the region of temperatures Tch < T < T[7(i) 
jUinilZ]; we find that the singlet meson field Sx, associated with the field X in the chiral 
Lagrangian, according to the second Eq. ()2.12j) (instead, the first Eq. ()2.12j) is no more 
valid in this region of temperatures), has a squared mass given by (in the chiral limit): 
= This is nothing but the would-be Goldstone particle coming from the breaking 
of the U{1) chiral symmetry, i.e., the t]', which, for T > Tch, is a sort of "exotic" matter 
field of the form Sx ~ i[det{qsL(ltR) — det{qsRqtL)]- Its existence could be proved perhaps 
in the near future by heavy-ion experiments. 

And what about the r]' radiative decay rate in the region of temperatures Tch < T < 
Tj;(i)? Since r]' = Sx above Tch, the electromagnetic anomaly interaction term describing 
the process rj' — > 77 for T > Tch is only the part of £/, written in Eq. ()2.10p . which 
depends on the field X: 

ACs.,, = /A^GTr(Q2)(lnX - InXt) = -f^'^GSx- (3.3) 

Form this equation we easily derive the following expression for the 77' 77 decay am- 
plitude above Tch- 

AW^-,n^)\T>T,. = f.'^I, (3.4) 

and, consequently, the following expression for the t]' 77 decay rate (in the real case 
Nc = 3) above Tch- 

2 3 

W-^77)|t>t., =/a.^^. (3.5) 

If we require that r(?7' — > 77) is a continuous function of T across the chiral transition at 
Tch, then from Eqs. ()3.2|) and ()3.5p we obtain the following condition for /a: 

MTch) = 1. (3.6) 
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This means that: 

The decay rates and the masses at finite temperature could be determined in the near- 
future heavy-ion experiments and then Eq. ()H.7|) will provide an estimate for the value 
of Fx at T = Tch- Viceversa, if we were able to determine the value of Fx in some other 
independent way (e.g., by lattice simulations: see Ref. [H]), then Eq. ()3.7|) would give 
a theoretical estimate of the ratio T{ri' 77)/m^, at T = Tch, which could be compared 
with the experimental results. For example, if we make the (very plausible, indeed!) 
assumption that the value of Fx does not change very much going from T = up to 
T = Tch (it will vanish at a temperature above Tch), i-e.. Fx (Tch) — -^x(O), and if 
we take for Fx{0) the value reported in Eq. ()2.35|) . then Eq. ()3.7|) furnishes the following 
estimate: 

rW - 77)|t=t.,K,(T,,) = ^^^spl^j.^^^ ^ (3.3+t:l) X 10-^^ MeV-l (3.8) 

In other words, comparing with the corresponding quantities at T = 0, reported in Eq. 
TT^ . one gets that: 

Tjr]' -^^^)\T=T^Jml,iTch) ^ , 
r(r/'^77)|T=o/<(0) - ^ ■ ' 

Thus, even with very large errors, due to our poor knowledge of the value of Fx, there 
is a quite definite prediction that the ratio T{r]' — > 77)/m^, should have a sharp increase 
approaching the chiral transition temperature Tch- (Of course, a smaller value of Fx 
would result in a larger value for the ratio in Eq. ()3.9p . and this case seems indeed to 
be favoured from the upper limit Fx ^ 20 MeV obtained from the generalized Witten- 
Veneziano formula for the rj' mass 6J.) One could also argue that it is physically plausible 
that the rj' mass (of the order of 1 GeV) remains practically unchanged when going from 
T = up to Tch (which, from lattice simulations, is known to be of the order of 170 MeV: 
see, e.g., Ref. 0): in that case, Eq. ()3.9|) would give an estimate for the ratio between 
the rj' decay rates at T = Tch and T = 0. However, we want to stress that our result ()3.9|) 
is more general and does not rely on any given assumption on the behaviour of m^/(T) 
with the temperature T. 
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4. Conclusions 



There are evidences from some lattice results that a new f/(l)-breaking condensate sur- 
vives across the chiral transition at Tch, staying different from zero up to Tu(i) > Tch- 
This fact has important consequences on the pseudoscalar-meson sector, which can be 
studied using an effective Lagrangian model, including also the new U{1) chiral conden- 
sate. This model could perhaps be verified in the near future by heavy-ion experiments, 
by analysing the pseudoscalar-meson spectrum in the singlet sector. 

In Ref. ^I] we have also investigated the effects of the new U{1) chiral condensate on 
the radiative decays, at T = 0, of the pseudoscalar mesons 77 and rj' in two photons. A 
first comparison of our results with the experimental data has been performed: the results 
are encouraging, pointing towards a certain evidence of a non-zero U{1) axial condensate. 
In this paper, generalizing the results obtained in Ref. [TP, we have studied the effects of 
the f/(l) chiral condensate on the radiative decay rj' 77 at finite temperature (T 7^ 0). 
In particular, we have been able to get a quite definite theoretical prediction [see Eq. 

for the ratio between the rj' 77 decay rate and the third power of the rj' mass in 
the proximity of the chiral transition temperature T^h (which, from lattice simulations, is 
expected to be of the order of 170 MeV): this prediction could in principle be tested in 
future heavy-ion experiments. 

However, as we have already stressed in the conclusions of Ref. ^T], one should keep 
in mind that our results have been derived from a very simplified model, obtained doing 
a first-order expansion in 1/Nc and in the quark masses. We expect that such a model 
can furnish only qualitative or, at most, "semi-quantitative" predictions. When going 
beyond the leading order in l/Nc, it becomes necessary to take into account questions 
of renormalization-group behaviour of the various quantities and operators involved in 
our theoretical analysis. This issue has been widely discussed in the literature, both in 
relation to the proton-spin crisis problem [121, ^^^1 also in relation to the study of the 
77,77' radiative decays jTHj. Further studies are therefore necessary in order to continue 
this analysis from a more quantitative point of view. We expect that some progress will 
be done along this line in the near future. 
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